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ABSTRACT: Cylindrical-morphology diblock copolymers, when ordered under quiescent conditions, exhibit 
a 4-fold cloverleaf HV (depolarized) light scattering pattern, with an off-axis intensity maximum. The 
grain structure of these samples has been resolved by polarized-light microscopy. Closely-spaced grain 
pairs, whose optic axes are approximately perpendicular, have been observed. A correlated-grain-pair 
model is proposed, and scattering patterns are calculated using a correlation function approach. A 4-fold 
symmetry is a consequence of this model, and for some limited sets of model parameters, a qualitative 
agreement with experiment is observed. 

I. Introduction 
Block copolymers can self-assemble into a variety of 

ordered microstructures ranging from spherical and 
cylindrical dispersions to lamellar and bicontinuous 
cubic phases.l While considerable effort has been 
devoted to the characterization of the ordered micro- 
structures and the order-disorder transitions,l rela- 
tively little is known about the extent of order in these 
materials. Ordered materials formed under quiescent 
conditions are globally disordered and contain a large 
number of imperfections. Coherent order is restricted 
to regions that are referred to as grains. Thomas and 
co-workers, using electron microscopy, have observed 
both discrete line and wall imperfections (defects and 
grain boundaries, respectively) as well as continuous 
changes in local microstructure orientation.2 Actual 
grain shapes are highly irregular, and grain boundaries 
are not always well-defined. Many macroscopic proper- 
ties of ordered block copolymer materials, such as elastic 
modulus3 and order-disorder transition t empera t~ re ,~  
depend on the size of these grains. 

In some earlier w ~ r k , ~ ~ ~  we showed how optical 
techniques could be used to probe the micron-scale grain 
structure of lamellar diblock copolymer materials. The 
angular distribution of the orthogonally-polarized scat- 
tered light from these materials can be related to a 
correlation function that describes the statistical prop- 
erties of the grain structure. For randomly shaped 
grains with (1) a constant optic axis within a grain, (2) 
no correlation between grain shape and the direction 
of the grain optic axis, and (3) no correlation between 
the optic axes of different grains, we showed that the 
intensity pattern of the scattered light is azimuthally 
symmetric and peaked in the forward direction. The 
average grain size (length) was shown to be directly 
proportional to the total transmitted power and in- 
versely proportional to the angular spread of the scat- 
tered beam. We were able to characterize, within this 
framework, the grain structures of several quiescently 
ordered lamellar diblock copolymer samples, prepared 
under a variety of annealing  condition^.^,^ 

In this paper, we describe some recent work on 
polystyrene-polyisoprene diblock copolymer samples 
with cylindrical morphology. In these samples, the 
polyisoprene block is approximately 3 times longer than 

* To whom correspondence should be addressed. 
@ Abstract published in Advance ACS Abstracts, June 1, 1995. 

the polystyrene block, and the ordered morphology 
consists of hexagonally packed polystyrene cylinders in 
a polyisoprene matrix. These cylinders are approxi- 
mately 8 nm in diameter with an intercylinder spacing 
of 16 nm,7 and are thus not directly probed by optical 
methods. The medium, however, does exhibit local 
birefringence. Each region of coherently ordered cyl- 
inders behaves like a uniaxial birefringent crystallite 
with the optic axis parallel to the cylinder axis.8 The 
depolarized light scattering patterns from these samples 
were found to be qualitatively different from the lamel- 
lar samples studied earlier.516 In particular, the scat- 
tering patterns were not azimuthally symmetric, but 
cloverleaf shaped, with four intensity maxima at 45" 
from the polarizer/analyzer axes. Along these azi- 
muthal maxima, the intensity profile had a maximum 
at a finite scattering angle (i.e., not in the forward 
direction). These features suggest the presence of 
correlations that were absent in the lamellar samples. 
Similar features have been observed in the light scat- 
tering from a wide range of materials, from crystalline 
polymersg to  liquid crystals.1° 

We have also used polarized-light microscopy to 
characterize the block copolymer samples. There are 
several persistent features of samples we have studied. 
One is the appearance of a rectilinear texture oriented 
at 45" to the polarizer/analyzer axes. The other is the 
presence of bright grain pairs. Interposing a retarder 
tended to darken one or the other member of a pair, 
depending on retarder orientation, suggesting that these 
pairs have optic axes a t  approximately right angles to 
each other. 

We have developed theoretical models that account 
for the observed scattering patterns and microscopy 
data, making the fewest assumptions possible. Cor- 
relations between shape and optic axes can lead to a 
scattering pattern with 4-fold symmetry. This may 
arise in cylindrical samples for a variety of reasons. For 
example, grain dimensions may tend to be longer in the 
direction parallel to the cylinder axis. However, a 
random collection of such grains would give a scattering 
pattern that peaks in the forward direction. To describe 
an intensity maximum at finite scattering angle, one 
must resort to a model in which the optic axis varies 
within the region of coherent order. Spherulites in 
crystalline polymers and nematic order in liquid crys- 
talline polymers are modeled by very specific spatial 
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Figure 1. Schematic of experimental configuration. 
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Figure 2. Transient birefringence signal vs time for temper- 
ing of SI(4-13) copolymer sample. Tempering time = 20 h for 
run A, 5 h for run B. log-log plot. 

variations of the optic axis that are not appropriate for 
our block copolymer samples. A simple model that 
incorporates a varying optic axis, and one that is 
suggested by our polarized-light microscopy results, is 
a correlated-grain-pair (CGP) model, in which the region 
of coherence consists of a pair of grains, with a constant 
optic axis within each grain. 

Correlations can be classified into correlations among 
pairs, triplets, and higher order combinations of de- 
creasing importance. These high-order correlations 
become more important as the system becomes more 
ordered and eventually lead to the scattering maximum 
developing into a series of diffraction peaks. The light 
scattering pattern from a cylindrical block copolymer 
exhibits a single, relatively broad scattering peak. 
Thus, including only pair correlations is probably a good 
approximation. The assumption of uniform optic axis 
orientation within a grain is a simplification but was 
necessary to obtain a tractable solution. We have 
investigated the range of applicability of the CGP model 
in both two and three dimensions and find it a promis- 
ing first step toward an understanding of correlations 
in the grain structure of diblock copolymers with 
cylindrical morphology. 

11. Experimental Section 
A. Polymer Synthesis. The polystyrene-polyiso- 

prene diblock copolymer was synthesized by high- 
vacuum anionic polymerization, using sec-butyllithium 

as the initiator and methanol as the terminator. The 
polystyrene block was synthesized first, followed by the 
polyisoprene block. Both reactions were carried out a t  
room temperature, in a 70130 cyclohexanehenzene 
mixture. The block copolymer used in this study is 
designated SI(4-13), where the numbers in parentheses 
refer to the molecular weight in kg/mol of the polysty- 
rene and polyisoprene blocks, respectively. DSC mea- 
surements at 10 "Clmin in the temperature range from 
-25 to +lo0 "C revealed a glass transition a t  51 "C. 
Details concerning the synthesis and characterization 
are given in ref 11. 

B. Light Scattering Measurements. Small-angle 
light scattering measurements were performed on the 
apparatus depicted in Figure 1. A beam of light from a 
15 mW helium-neon laser (wavelength = 632.8 nm) 
was directed through a horizontal Glan air-spaced prism 
polarizer, followed by the sample, which was immersed 
in a constant temperature, index-matching fluid bath. 
A compensator (quartz quarter-wave retardation plate) 
was inserted between the polarizer and sample. The 
light emerging from the sample passed through an  
analyzer (a vertical large-area dichroic polarizer), fol- 
lowed by a screen, camera, or photodetector mounted 
on a two-dimensional translation stage. The resultant 
far-field scattering pattern, commonly designated Hv or 
VH, could be observed visually or photographically, or 
the intensity distribution could be measured point-by- 
point by translating a photodetector. 

Samples were contained in sealed test tubes with a 
path length of 0.74 cm. SI(4-13) has an  order-disorder 
transition temperature, Tom = 58 f 1 "C. Sample 
preparation involved first disordering the sample by 
heating it to 70 "C and then cooling it to 53.5 "C. The 
sample was tempered a t  53.5 "C for a variable length 
of time and then quenched to 22 "C. The birefringence 
of the sample (as measured by PIPo, where PO and P 
are the incident and transmitted powers, respectively) 
was monitored throughout the process by collecting the 
light exiting the analyzer and focusing it onto a photo- 
diode with a large lens. The transient signal from the 
photodetector was recorded immediately after the sample 
was quenched to 53.5 "C from 70 "C. 

Typical transient signal trajectories are shown in 
Figure 2. The transmitted power of two different runs, 
denoted as A and B, is plotted as  a function of time on 
a log-log scale. In run A, the sample was tempered 
until the transient signal leveled off, and the tempering 
time was about 20 h. In run B, the tempering time was 
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Figure 3. Tempering trajectory for run A. Linear plot, times 
< 1400 min. 
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Figure 5. Experimental Hv scattering pattern from diblock 
copolymer SI(4-131, run B. Two quadrants are shown. Full 
vertical scale is 0.0583 rad. A central bright spot, due to 
leakage of the incident beam through the analyzer, has been 
blacked out. "be beam center is located at the top edge of the 
plot, at the center of the blacked-out region. 
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Figure 4. Tempering trajectory for run A. Linear plot, times 
> 1000 min. 

about 5 h before the second quench. Our expectation 
that longer tempering times lead to larger grain sizes 
is consistent with our experimental data. In Figure 3, 
the tempering trajectory of run A is plotted as a function 
of time. We can roughly divide the curve into three 
regions represented by 1-3. For the first 300 min after 
the sample was quenched from the disordered state, the 
birefringence did not change a t  all; thus, in region 1, 
the grains (if they exist) are too small or weak to be 
detected with light. As time proceeded, the birefrin- 
gence started to develop, and the growth rate was 
increasing. The rate [d(P/Pd/dtl reached a maximum 
of 1.4 x min-', after which i t  slowed down and 
eventually leveled off. Evidently, region 2 is the prin- 
cipal region of grain growth. In region 3, the birefrin- 
gence still increased with time, and the rate was 
calculated to be 2.5 x 

Quenching the sample to 22 "C caused a jump in 
birefringence that is qualitatively similar to previous 
measurements5 and is due to the temperature depen- 
dence of An = ne - no, where ne and no are the 
extraordinary and ordinary refractive indices. The 
birefringence at this stage is plotted as a function of 
time in Figure 4. The birefringence a t  22 "C clearly 
continues to increase with time, and the rate was 
calculated to be 2.8 x min-', which is approxi- 
mately the same as the rate in region 3 of Figure 3 
before the final quench. It is somewhat surprising that 
grains can grow a t  22 "C. At this temperature, the 

min-'. 

Figure 6. Polarized light micrograph of thin diblock copoly- 
mer sample. Scale and orientation of the polarizers are 
indicated. A box has been drawn around one of the grain pairs. 

polystyrene-rich cylindrical phase is 19 "C below its 
glass transition temperature. Such growth was not 
observed in lamellar SI block copolymers below the Tg 
of the polystyrene-rich phase. It is thus evident that 
the mobility of the polyisoprene matrix is mainly 
responsible for grain growth in the cylindrical sample. 
However, the final stages of annealing imperfections 
requires some mobility in the polystyrene-rich phase. 

All samples studied exhibited a 4-fold cloverleaf Hv 
scattering pattern with an off-axis maximum. The two- 
dimensional scattering pattern obtained from the or- 
dered sample B described above is shown in Figure 5. 
The qualitative features are independent of tempering 
time, although the angular spread decreases with 
tempering time. This is consistent with the growth of 
larger grains for longer tempering times. 

C. Polarized-Light Microscopy. Optical micros- 
copy was performed with a Nikon Optiphot polarized- 
light microscope. Samples were prepared by squeezing 
the polymer between a glass microscope slide and a 
cover slip. Such samples, with thicknesses of ap- 
proximately several tenths of a millimeter, were heated 
above Torn, followed by tempering a t  53.5 "C and 
quenching to 22 "C. Depolarized light scattering from 
such samples exhibited the same cloverleaf pattern 
reported in Figure 5. Microscopy revealed the fairly 
detailed structure of single layers of grains, as shown 
in Figure 6. The field of the microscope was divided 
into micron-dimensioned regions of low and high inten- 
sity; we associate the bright regions with grains whose 
optic axes are a t  f45' to the polarizer axis. The bright 
regions tend to be oblong shaped with shape axes also 
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the polarizer and analyzer axes (+ type), and in others, 
they make an angle of 45" ( x  type). In some cases, the 
scattering intensity is a maximum in the forward 
direction, and in others, the maximum occurs at some 
angle away from the forward direction. Various models 
have been developed to account for the scattering in 
specific cases, including anisotropic spheres with dif- 
ferent radial and tangential polarizabilities,s randomly 
oriented anisotropic rods or disks with a definite angle 
between the shape axis and optic axis,15J6 and a 
continuously varying director with complex geometry 
in the vicinity of the disclination axes.loJ7 

Most of these models involve scattering elements of 
a specific size and employ a mathematical procedure 
called the amplitude method.18 In this method, a 
specific geometrical model of the anisotropic elements 
is used to calculate the scattered field, and the intensity 
is found by averaging the absolute square of the far- 
field distribution over a random arrangement of element 
orientations. We have considerable microscopic evi- 
dence that the grain structure of block copolymers 
involves not only random orientations but also random 
shapes and sizes of grains. Because the amplitude 
method requires a specific grain geometry, it cannot 
realistically represent the actual structure of a block 
copolymer sample. We have therefore employed an 
alternative mathematical procedure termed the correla- 
tion function method,18 in which the expression for the 
square of the field is represented as a double integral 
involving products of grain shape functions. Averages 
performed at this stage lead to a description of the far- 
field intensity in terms of correlations of the grain shape 
functions. 

In most earlier applications of the correlation function 
method, the correlation function was assumed to be 
spherically symmetric, giving rise to  an azimuthally 
symmetric scattering pattern. The restrictive nature 
of this assumption was commented on by both Stein and 
van A a r t ~ e n . ' ~ , ~ ~  Several earlier attempts to allow the 
correlation function to decay at different rates in dif- 
ferent directions gave results that were unwieldy and 
not easily applied.20t21 In this paper, we have developed 
a model that overcomes these problems. We assume 
that the optio axis is fxed in orientation within a grain. 
Our ensemble averaging is done in two steps. First we 
consider all grains whose shape axes have a particular 
orientation. We average over the shapes of those grains. 
This does not involve the optic axis orientations. Then 
we average over all possible grain orientations. Our 
model allows for the separability of these two stages of 
averaging. 

Robust experimental features of the far-field scatter- 
ing from the cylindrical block copolymers we have 
studied are (1) a 4-fold, x-type scattering pattern and 
(2) an off-axis maximum; an adequate model ought to 
exhibit both features. One potential candidate that is 
consistent with the rectilinear textures seen in micros- 
copy is an anisotropic rod model. If either the amplitude 
or correlation function method is applied to randomly 
oriented anisotropic rods with an optic axis a t  a fixed 
angle with respect to the rod axis, one obtains a 4-fold 
scattering pattern [ref 15 and section III.F.l of this 
paper]. If the angle is 0", one gets x-type scattering, 
whereas if the angle is 45", the pattern is of the + type. 
Other angles will lead to  either a + or x-type pattern, 
but in all cases, the greatest scattered intensity is 
directed on-axis, and the off-axis distributions decay 
monotonically from the forward direction. Since our 

at k45" to the polarizer axis. The other evident feature 
is the propensity of closely-spaced pairs of bright 
regions, separated by a narrow dark region. 

By interposing a quartz quarter-wave retardation 
plate between the polarizers, one can distinguish be- 
tween grains with optic axes at +45" and -45" to the 
polarizer axis. Rotating the quarter-wave plate in one 
direction will tend to cancel the retardation, and thus 
decrease the intensity, of one grain type, while rotating 
in the other direction tends to  cancel the retardation of 
the other. Furthermore, because the dispersion of the 
retardation of the quartz does not match the dispersion 
of the retardation of the polymer, different wavelength 
components of the transmitted white light will be better 
or worse compensated, giving rise to a reddish tint for 
one type of grain and a bluish tint to the other.12 With 
a quarter-wave plate whose optic axis is tilted less than 
1" away from the polarizer axis, we observe that paired 
grains tend to have one member tinted blue and the 
other red, suggesting that their optic axes are a t  right 
angles to each other. 

One possible interpretation of the dark line separating 
a pair of grains is that the optic axis is continuously 
changing from one region to the other and is exactly 
parallel (or perpendicular) to the polarizer at the dark 
line. This can be tested by observing a field of the 
sample while rotating the polarizer and analyzer to- 
gether. The dark line should continuously move toward 
one region or the other depending on the direction of 
rotation. We observe that these dark lines do not move 
while rotating the polarizers. Instead, the bright re- 
gions alternately brighten and darken as the polarizers 
are rotated. We therefore conclude that the optic axes 
are approximately constant within each grain and 
interpret the dark line as the diffraction-limited bound- 
ary between the grain pair, where the superposition of 
overlapping diffracted light from each other grain is 
interfc qg destructively. 

kating both polarizer and analyzer, one can 
occasiona, observe the continuous movement of a 
bright feature from one location to another. This is 
evidence of a continuously changing optic axis, although 
this behavior is unusual for SI(4-13). The most common 
behavior is for regions to brighten or darken uniformly 
as the polarizerlanalyzer pair is rotated. This is evi- 
dence for a grain structure in which the optic axis is 
constant and between which there is a discontinuous 
change in optic axis. 

We emphasize that our microscopy results on cylin- 
drical block copolymers are quite different from those 
obtained from thin films of liquid crystalline polymers 
or from spherulitic samples. In liquid crystals, one 
observes dark lines rotating continuously about discli- 
nation axes as polarizer and analyzer are rotated.l3 In 
spherulitic polymers, one sees Maltese cross patterns 
which rotate as the polarizer and analyzer are rotated.14 
We do not see either of these signatures and thus 
conclude that the structural origin of the cloverleaf 
pattern in cylindrical block copolymers must be quite 
different and related to the presence of correlated grain 
pairs. 

111. Theoretical Models 
A. Background. Four-fold cloverleaf HV scattering 

patterns have been observed in many systems consisting 
of anisotropic structural elements, including spherulites, 
anisotropic rodlike or disklike crystallites, and nematic 
liquid crystals. In some cases, the lobes are parallel to  

WhiL 
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azimuthal angles from the z-y plane. The angular 
coordinates of the optic axes, referred to an orthogonal 
coordinate system (g, 1, m} using the CGPs axis, g, as 
the polar axis, are { 80.4, ,MOA} and { 8OB, ,MOB}, respectively. 
The 1 axis is chosen to be normal to the g-z plane, and 
the azimuthal angles are measured from the g-1 plane. 

Application of the Rayleigh approximationzz to our 
configuration gives the Hv electric field component 
radiated by the ith CGP, at the far-field point rff: 

propagatior 
direction 0 

Jfy I I I I I I 

I I 

/ A  
X 

Figure 7. Schematic of CGP geometry. The vectors o and g 
are each shown twice: once in the laboratory frame and once 
in the CGP frame. “he ellipsoidal shape used is merely a 
schematic representation of a CGP. Actual CGPs are highly 
irregular in shape and have a distribution of sizes. 

observed patterns consistently possess off-axis maxima, 
they are incompatible with the anisotropic rod model. 

Any model that involves uncorrelated grains with 
constant optic axes will exhibit an intensity maximum 
in the forward direction, since radiation from each 
volume element of a grain interferes constructively in 
the forward direction. If the optic axis were allowed to 
vary in direction within the volume of coherent order, 
then suppression of the forward scattering is possible, 
leading to the development of off-axis maxima. A simple 
model that incorporates a varying optic axis, and one 
that is suggested by our observations by microscopy, 
consists of a random collection of correlated grain pairs, 
with a constant optic axis within each grain of the pair. 
B. Formulation. We will assume that in a statisti- 

cal sense (to be explained below), the correlated grain 
pairs (CGPs) can be characterized as consisting of two 
regions, which we call grains, designated A and B, 
aligned along a CGP axis. In each grain the optic axis 
points in a different, but fixed, direction relative to the 
CGP axis. Figure 7 is descriptive of such a CGP. We 
assume that the incident x-polarized beam propagates 
in the z direction. We denote the polar and azimuthal 
angular coordinates of each grain’s optic axis, referred 
to the x, y ,  z laboratory coordinates, as {@A, PA} and {OB, 
p ~ } ,  respectively. The unsubscripted variables 8 and p 
are the polar and azimuthal angles of the unit vector s 
directed from the sample toward the far-field point rr. 
All these polar angles are measured from the z axis, and 

E, = 
c - ’  - r ff e “az‘rffJdrf {sin2(OA) sin(2pA) f4(rf) eidrrr’) + 

where 

K = K(s - az) = 
k(a,(cos 8 - 1) + a, sin 6 sin p + ay sin 8 cos p )  

rff = rdaz cos 8 + a, sin 8 sin p + ay sin 8 cos p )  
(2) 

In eq 1 fpq(r) and fB,(r) are the shape functions for the A 
and B grains of the ith CGP, equal to unity when the 
position vector r is in the corresponding grain and 0 
otherwise, and a,, +, a, are unit vectors in the x, y ,  z 
directions, respectively. E, is the incident field ampli- 
tude, n is the average refractive index, and k = no/c. 

If the wavelength in the medium is much less than 
the smallest linear dimension of the CGP, we may use 
the paraxial approximation; 

K = k(a, sin 8 sin p + ay sin 8 cos p )  (3) 

Since we have a random arrangement of uncorrelated 
CGPs, we average over a representative ensemble of the 
sample. The angular brightness (intensity per unit solid 
angle) is given by 

-- d0 a~ - orientation avover CGP angles czJJdrf drff eidr’-r”) X 

The position vectors rf and rff  refer to two points in the 
sample that make contributions to the far-field scatter- 
ing pattern at the point rff. The angle brackets repre- 
sent ensemble averages over CGPs of a particular CGP 
axis orientation. The i sums are probabilities whose 
meanings follow from the following considerations. For 
each realization of the ensemble, the product fpqW 
f&“) is 1 if both r’ and r“ are in the A grain of the ith 
CGP; otherwise it is 0. Thus, the probabilities, PA and 
PB, that both points are in the same A or same B grain 
of some CGP are 
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The sum of the two probability functions starts at unity 
when r’ = r” and decreases toward zero when the 
distance between the two points, along any direction, 
increases past the average grain size in that direction. 
The probability that r’ and r” are in different grains of 
the same CGP is 

Equations 5 and 6 give physical meaning to the fac- 
tors which appear in the expression for the angular 
brightness, eq 4. We will assume forms for these 
factors consistent with our statistical model. The 
reasoning that leads to assumed forms for eq 5, where 
both points are in the same grain, is more direct than 
for eq 6, where each point is in a different grain. 
However, we can relate the probability that each point 
is in a different grain, to the probability that both points 
are in the same CGP and that both points are in the 
same grain. The probability that both points are in the 
same CGP is 

P,,,, CGP = Z(VA,(r’) + fBjr’))V4(r’’) + fBjr”))) (7) 
1 

On expanding (7), we get the obvious relation 

(8) - + psame CGP 
‘same CGP - psame grain diff grain 

where PSame grain = PA + PB. 
C. Considerations Which Restrict the Assumed 

Form of the Correlation Functions. In our context, 
the probability functions discussed above are two-point 
correlation functions. In the correlation function ap- 
proach to scattering problems, a physical model of the 
scatterers is used to motivate assumptions concerning 
the mathematical form of the correlation functions. A 
difficulty with this procedure is that apparently reason- 
able assumed forms can lead to  nonphysical intensity 
distributions. An example of such a nonphysical output 
would be a negative value for the calculated scattered 
intensity over some range of angles. A more subtle case 
can occur in our problem when the calculated intensity 
pattern is inconsistent with the statistical dispersion 
of the geometrical parameters of the grains within a 
CGP. Restrictions on the possible assumed forms of the 
correlation functions are implied by the following con- 
siderations: 

From eqs 5-8 we have 

C ((jdr’l&(r’) - f~~(r’)l)~) = N((VA - VBY> = 
i 

same CGP J j d r ’  dr” [2Psame grain(r’,r’’) - P,,,, CGP“’,r’’)l (9) 

where N is the number of illuminated CGPs in the 
sample with a particular CGP axis orientation, and VA 
and VB are volumes of grains A and B, respectively. We 
also have 

JJdr’ dr” Psame grain(r’,r’’) = N(V2 + VB2) 

J l d r ’  dr” Psame CGp“’,r’’) = N(VcG;) (10) 

We define the relative difference in grain volumes 

squared as 

(11) 

The quantity A ranges from 0, when each of the two 
grains of each CGP have the same volume, to 1, when 
the volume of one grain is zero. Any assumed form of 
correlation function will implicitly presuppose a par- 
ticular spread to the distribution of grain volumes. 
When there is no statistical distinction between the 
grains we get, from eqs 10 and 11 

D. Statistical Model of CGPs. In an earlier 
paper,s we defined a spherically symmetric Gaussian 
correlation function with a single size parameter, w, to 
model grains that were, on average, spherically sym- 
metric. We now wish to model grains and CGPs that 
are, on average, ellipsoids of revolution. We emphasize, 
however, that actual CGPs are highly irregular in shape 
and have a distribution of sizes. Thus we require a 
correlation function that is characterized by two size 
parameters (4  w )  depending on the direction relative to 
the CGP axis. We define the correlation functions 

CA+B,A+B(r’-r’’) = exp [ - Yr’; r”)) ‘1 X 

where g is a unit vector in the direction of the CGP axis 
and {g, 1, m} constitute an orthogonal set of unit 
vectors. We make the assumptions 

The factor, f ,  which enters in eq 13, is determined by 
the statistical spread in grain lengths. From eqs 9-13 
we get 

E. Evaluation of the Scattering Patterns. By 
relating the shape functions in eq 4 to probabilities (eqs 
5-23), and those probabilities to correlation functions 
(eqs 13 and 141, we can show that the HV intensity for 
the CGP orientation in the differential solid angle 
centered at {eg, pup}  is proportional to 
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K(eN,e,,p-pg;L) = ~e-eN2e-(1/2)eNz((~/w)2-1) sin2 eg 

where 

and the a subscript stands for A or B (see Appendix A). 
In order to  facilitate the evaluation of the spatial 
integrals, we represent r’ - r“ in the (g, 1, m} system 
and use 

Integrating over r’ and r” and averaging over CGP 
orientations, the resultant expression for the angular 
brightness is given by 

where 

and where ON = kwOI2. The coefficients PO and Pp are 
probability densities, po = ~ O A ,  and Ap is the difference 
in the azimuthal angle of the optic axes in the two 
grains. 

It follows from the form of the F coefficients given in 
eq A3 that FaFpbg + ~ 1 2 )  = FaFpbg) and is therefore 
4-fold symmetric inpu,. Furthermore, the integrals over 
po are expressions linear in cos(4pg) and are of the form 

It will be seen from the following arguments leading to 
eq 26 that this form implies a radiation pattern with 
an even, 4-fold symmetry in p. From the expansion 

where I ,  is the modified Bessel function and 

1 m = O  
m > o  

we get 

(23) 

and 

The pg integral leads to cancelation of the contributions 
from all terms in the expansion of K, in eq 25, except 
for two. The expression for angular brightness has the 
form 

where 

and 

(29) 
1 2 6 2  pw, )  = 5e, ((--) - I) sin2 e, 

The method used to  determine the a and b coefficients 
and their values for several model geometries are 
described in Appendix A. 

F. Results of Model Calculations. Case 1. One 
Grain per CGP, Full 3D Averaging. The two-grain 
CGP model reduces to a one-grain model when 60.4 = 
6oB and ~ O A  =  OB. When &A = 0, it describes a rod 
model with the optic axis parallel to the rod axis. Figure 
8a displays the scattered intensities as a function of 8, 
along two azimuthal directions p = 0 and n14, for various 
values of the ratio of the characteristic rod length to 
diameter, Glw. In all cases, the intensity maximum is 
in the forward direction. For 6= w ,  the grains are on 
average spheres, and the pattern shape reduces to one 
with azimuthal symmetry. For Llw = 4 and V 4 ,  the 
average grains are similar to prolate and oblate el- 
lipsoids of revolution, respectively. In both cases, the 
pattern has a 4-fold symmetry with lobes at f45” t o  the 
polarizer and analyzer axes. Figure 8b shows a contour 
plot of the calculated scattered intensity for Glw = 4. 
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Figure 9. (a) Case 2: Scattered intensity. Two grains per 
CGP, restricted 2D problem (CGP axis and optic axis con- 
fined to plane perpendicular to direction of incident heam). 
(b) Contour plot for / / w  = 0.75. Full horizontal scale is 
ON = 5. The incident heam is located in the upper left comer. 

of the lobes is reduced, and in one case (//w = 0.5). the 
off-axis maximum is lost. 

Case 4. Two Grains per CGP, 8 0 ~  = O,&B = zl2, 
Full 3D Averaging. This case is similar to both cases 
2 and 3 except that full three-dimensional averaging is 
performed for the special case that one grain has an 
optic axis parallel to the CGP axis and the other is 
perpendicular. Figure 11 shows that, for //w = 1 and 
0.25, the off-axis maximum is lost, while for //w = 4, 
the pattern is of the + type. 

Case 5. Two Grains per CGP, 8 0 ~  = 8 0 ~  = z12, ~ O A  
= FOB + ~ 1 2 ,  Full 3D Averaging. In this case, both 
grains have optic axes perpendicular to the CGP axis, 
hut perpendicular to each other. The off-axis maximum 
.is lost for//w = 1 and '/a, while a weak x pattern with 
off-axis maximum is obtained for //w = 8 (see Figure 
12). 

Case 6. Two Grains per CGP, 8 0 ~  = z14, 80s = 3x1 
4, ~ O A  =post Full 3D Averaging. Here, one grain has 
an  optic axis a t  +45O to the CGP axis and the other 
grain has an  optic axis at -45". For /lw = 4, a fairly 
strong x pattern is obtained, with a definite off-axis 
maximum (Figure 13). 
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Figure 10. Case 3: Scattered intensity. Two grains per CGP, 
unrestricted 2D problem (only CGP axis confined to plane 
perpendicular to  direction of incident beam). 
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Figure 11. Case 4: Scattered intensity. Two grains per CGP, 
full 3D averaging. One optic axis parallel and one optic axis 
perpendicular to  CGP axis. 

Of all the cases examined, case 2 leads to a radiation 
pattern that best matches our experimental results. In 
this model, the optic and shape axes of the CGPs are 
restricted to lie in the plane perpendicular to the 
incident beam. Of course our actual grains are three- 
dimensional, so a 2D model would apply only if the 
dimension of a grain pair, in the direction perpendicular 
to the plane containing the two optic axes, is much 
longer than G or w. In such a case, the primary 
contributors to the far-field pattern are those pairs 
whose longest dimension is parallel to the direction of 
propagation, and the 2D model represents a good 
approximation. It is possible to extend the model to 
include grains and CGPs with three distinct dimensions 
(4 w1, WZ) although the increased computational com- 
plexity is substantial. 

The scattering maximum can be related to the aver- 
age grain dimensions. In all cases, the peak intensity 
for an x-type pattern falls between ON = 0.5 and 2. 
Taking the best case as case 2 with Glw = 0.75, we get 
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Figure 12. Case 5: Scattered intensity. Two grains per CGP, 
full 3D averaging. Both optic axes perpendicular to CGP axis 
and perpendicular to each other. 

ON = 1.5 at peak intensity. Relating this to the 
experimental profile shown in Figure 5, where the peak 
falls at Om, = 0.031 rad, we calculate d= 7.4 pm and w 
= 10 pm [w = 1.5AIm3,,1. This is in reasonable quali- 
tative agreement with grain dimensions inferred from 
micrographs (e.g. Figure 6). Quantitative interpretation 
of micrographs would require numerous assumptions. 
In addition, the exact geometry and thermal history of 
samples shown in Figures 5 and 6 are not identical. 

Tv. Discussion and Concluding Remarks 
Light scattering patterns from quiescently-ordered, 

cylindrical-morphology diblock-copolymer melts showed 
a surprising 4-fold symmetry with lobes where p is an 
odd multiple of 45" and with off-axis maxima. This 
indicates the presence of orientation correlations on the 
micron length scale. This was corroborated by the 
observation of correlated grain pairs by polarized light 
microscopy. The correlated-grain-pair model was de- 
veloped to describe the nature of these correlations. We 
have shown that the small-angle light scattering pattern 
can be simply described by dUdQ = c ( e N )  + D(6N) 
COS(~,LL), where the functions C and D depend on the 
shape, size, and relative optic axis orientation of the 
correlated grains. 

We have developed theoretical methods that are 
effective for the analysis of correlated grain pairs. 
Although the x -type scattering pattern with off-axis 
maximum is a robust feature of the experimental data, 
it is observed in the CGP model only for a very limited 
subset of parameters. Of the limited cases studied, the 
best qualitative match between theory and experiment 
is obtained in case 2 (restricted 2D case). Given the 
limited region of parameter space studied, it is prema- 
ture to judge the ultimate success or failure of the CGP 
model. Further experimental evidence from electron 
microscopy could aid in suggesting on what regions of 
parameter space to focus attention. Alternatively, the 
CGP model may be insufficient to quantitatively de- 
scribe the structure of block copolymer grains. Even if 
this proves true, the theoretical methods that have been 
devised to study this model have pertinence to other 
compound structures. Thus, we believe that these 
methods represent an important first step in the 
understanding of the correlations that arise spontane- 
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Figure 13. (a) Case 6 Scattered intensity. Two grains per 
CGP, full 3D averaging. Optic axes at +45" to CGP axis. (b) 
Contour plot for//w = 4. Full horizontal scale is ON = 1. The 
incident beam is located in the upper left comer. 

ously in diblock copolymers with cylindrical morphology. 
A logical extension of these studies is to attempt to apply 
these techniques and their interpretations to deformed 
block copolymers. 

The cause of orientation correlations between adjacent 
grains in cylindrical-morphology diblock copolymers is 
not clear. Just after quenching from the disordered to 
the ordered state, one expects cylinders to grow with 
random orientations in different regions of the sample. 
Perhaps boundaries between grains with angles less 
than or greater than 90" anneal readily, leaving behind 
a greater proportion of grain boundaries in which the 
cylinders are perpendicular to each other. Studies of 
scattering patterns and microscopy as a function of 
annealing time may shed further light on the origin of 
the observed correlations. 

Another point worth noting is that the lamellar 
system we previously studied5" exhibited an azimuth- 
ally symmetric scattering pattern, with a maximum 
intensity in the forward direction. This suggests the 
absence of correlations between grains, as well as grains 
that are, on average, spherical in shape. In terms of 
our model calculations, this would correspond to one 
grain per CGP, with /= w. One possible explanation 
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for this qualitative difference between lamellar and 
cylindrical systems is that the annealing of lamellar 
grains occurs either less readily or independently of 
lamellar orientation, giving rise to a random variety of 
defects and grain boundaries. 
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Appendix A. Determination of Coefficients for 
Specific CGP Geometries 

For each CGP we have the geometry illustrated in 
Figure 7; SO = a, is a unit vector in the incident 
direction, s is a unit vector in the scattered direction, g 
is a unit vector along the grain axis, o is a unit vector 
along the optic axis of grain. The relevant unit vectors 
are 

so = IO, 0,1}  

s = {sin[@] sink], sin[Ol coskl, cos[Ol} 

g = {sin[O,l sink,], sin[O,I cos[rr,l, cos[O,l (Al) 

1 = s o  x g/lso x g m = g x 1 
(g, 1, m form unit Cartesian vectors) 

o = cos[Ool g + sin[Ool  cos^,,] 1 + sin[O,] sin[u,,l m 

Since 

or = sin(@,) sink,) 

oy = sin(0,) cask,) (A2) 

we have for the optic axis dependent coefficients in eq 
21 

Fa(~g#g9%a#o~ - - 1 2 sin'(@,) sin(zp,) = ( o ~ ~ o . ) ~  = 

(cos p, cos 0, sin 0, + cos p,, sin pg sin Bo - 
cos pg cos 0, sin p,, sin Oo)(cos Bo sin p, sin Os - 

cos p, cos po sin e,, - cos 0, sin p, sin p,, sin 0,) (A3) 

Evaluating eq 21 for various assumed geometries leads 
to the corresponding a and b coefficients. The angular 
distribution of the intensity for each case then follows 
from eqs 26-29. Cases discussed in the text are 
described below. 

(Case 1): Single grain per CGP, with the optic axis 
along the CGP axis {@OA = 0, P,@O) = U(2n)}. 

4 a,[O,l = sin [@,I b,[O,I = -sin4[0,1 

aBB[O,i = 0 bBB[Og] 0 (A4) 

a,[e,i = o b,[q = o 
(Case 2): Two grains per CGP, restricted two- 

dimensional problem. The plane of the CGP is perpen- 
dicular to the incident beam, and optic axes are in the 
plane of the CGP. Thus PBIOgl = 6(O, - n/2), P,@Q) = 
~ Q L Q ) .  Mirror images about the CGP axis are included 
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in the statistical ensemble. 

Figure 10 illustrates the special case 6OA = 0, 60B = n12. 
(Case 3): Two grains per CGP, unrestricted two- 

dimensional problem. The plane of the CGP is perpen- 
dicular to the incident beam, and the optic axes are not 
restricted to the plane of the CGP. Pd6,I = d(8, - ~121,  
P,@o) = 1/(2x). For the special case 60A = 0, 60B = n12: 

1 1 ~,[~t121 = l g  b,[d2] = - I g  

(Case 4): Three dimensions, two grains per CGP, &A 
= 0, 60B = d.2. 

1 
64 a,(e,) = 4 3  - 4 C O S [ ~ ~ , I  + C O S [ ~ ~ , I I  

1 
64 bU(8,) = -[-3 + 4 ~0~[28,1 -  COS[^^,]] 

1 
512 aBB(e,) = -[4i + 20 C O S [ ~ ~ , I  + 3 C O S [ ~ ~ , I I  

1 
128 a,(e,) = -[-3 + 4 C O S [ ~ , I  - C O S [ ~ ~ , I I  

1 
128 b,(e,) = -13 - 4 cos[2e,1 + C O S [ ~ ~ , I I  

(Case 5): Three dimensions, two grains per CGP, 60A 

= d 2 ,  &B = d 2 ,  Ap = 7~12. 
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1 
512 a,(e,) = -[-29 - 36 C O S [ ~ ~ , I  + C O S [ ~ ~ , I I  (AB) 

1 
b,(e,) = -[-3 5 12 + 4 C O S [ ~ ~ , I  - C O S [ ~ ~ , I I  

(Case 6): Three dimensions, two grains per CGP, &A 
= d 4 ,  6oB = 3~~14, & = 0. 

a,(e,) = -4-39 1 + 84 C O S [ ~ ~ , I  + 19 C O S [ ~ ~ , I I  2048 
(A91 
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